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ABSTRACT 
    

In this work, the Restricted Four-Body Problem is formulated in Hamiltonian form. The canonical form for 

the system is obtained which represents the equations of motion. The collinear libration points are obtained, we 

have five collinear libration points. The non-collinear libration points are found which are three non collinear 

libration points, they are obtained for different angles between the sight of Sun and the plane of Earth-Moon.  

The periodic orbits around each of these libration points are studied using two methods. The first method 

depends on the reduction of order of differential equations and the second method depends on the Eigen values 

of the characteristic equation. Two codes of MATHEMATICA are constructed to apply these two methods on 

the Sun- Earth-Moon-Spacecraft. The Poincare sections are obtained using the first method, these sections are 

used to illustrate the intersect points of the trajectories with the plane perpendicular to the plane of motion about 

each of the collinear libration points. Mirror symmetry is explored about each of these points. The Lyapunov 

orbits, and the Lissajous orbits about each of the collinear libration points are the results obtained by the second 

method. The eccentricities and the periods of each orbit are obtained. This study illustrates that the motion about 

the libration point L2 is more stable than the motion about any other collinear libration points.  

Keywords: Lissajous orbits, Poincare surface sections, Libration points, Stability of libration points, 

restricted four-body, motion near libration points. 

 

 

 

 

 

 

 

  

1. INTRODUCTION 

The four-body problem has been 

extensively studied in astrodynamics. There are 

several attempts to model the four-body 

problem in mathematical form, which has been 

studied by many authors; for example, the bi-

circular model for the Earth-Moon-Sun system 

is studied by [1-2-3] in which the Earth and the 

Moon are considered as two primaries 

revolving in circular orbits around their 

barycenter, while the Sun is considered as a 

perturbing body moving in a circular orbit 

around the central masses of the Earth-Moon-

Sun system. The Sun, Earth, and Moon are 

treated as distinct particles of finite mass [4-5-

6].  The quasi-bi-circular model, which made 

an investigation into the phase space in the 

vicinity of the Sun-perturbed Earth-Moon 

collinear equilibrium points is used by [7]. The 

restricted Hill four-body model and 

determination periodic motion in the vicinity of 

the Sun-perturbed Earth-Moon triangular points 

(L4 and L5) are studied by [8]. The invariant 

manifolds associated with these solutions were 

also examined. We study the restricted four-

body problem as equal masses located at the 

vertices of an equilateral triangle which 

investigated the equilibrium points, zero 

velocity curves, and families of periodic orbits 

were studied by [9-10-11-12]. The stability, 

periodic orbits around the triangular points of 

the Earth-Moon system, (which is perturbed by 

the Sun), and calculation of a periodic solution 

for the Sun-Earth-Moon system using 

numerical integration is proved by [13-14]. The 

numerical technique of Poincare surface 

sections is used to generate periodic and quasi-

periodic orbits [15,16]. The Lissajous orbits 

and Lyapunov orbits around the collinear points 

in the restricted three-body problem under the 

effect of oblateness is found by [17]. In this 

paper, the canonical form is derived from the 

Hamiltonian formulation for the restricted four-

body problem. The libration points are 

obtained, and the stability of motion about each 
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collinear libration points is studied. The 

Poincare surface sections are applied to the 

Sun-Earth-Moon-spacecraft system to illustrate 

the stability of motion about each libration 

point.    

2. Hamiltonian of the problem 

Let (x, y, z) be the inertial frame with origin 

O at the center of mass of the primaries m1 and 

m2, x-axis represent the position from m1 to m2, 

as shown in figure 1. We'll introduce the 

problem formulation under the following 

restrictions: 

1- The masses m, m1  and m2 are moving in 

one plane. 

2-    m3  Considered as a perturbing body. 

3- Since we are interested in the 

dependence of the motion of the infinitesimal 

mass m, then m3 >> m1 >> m2 >> m, which 

doesn't affect essentially on the generality of 

the problem.   

 
 

 

 

   

  

 

 

 

 

   

 

Fig. 1: The Restricted Four-Body Problem in an inertial frame. 

As shown in figure 1 the coordinates of the masses are given by 

For :                                                     (1.1) 

For :                                                      (1.2) 

For :                                        (1.3) 

where, 

       

                                                                                  (2.1) 

                                                                           (2.2) 

                                         (2.3) 

: The distance between the m3 and the center of mass of the system.  

: The angle between the sight of the m3 and the plane of Earth-Moon.  

                                                                (3.1) 

                                         (3.2) 
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 Such that   is the total distance between .  

                                                (3.3) 

Applying the concept of Lagrange and Hamiltonian principle in rotating frame on the restricted four-

body problem [20], then we have 

 (4)  

After some few algebraic reductions 

  

                                                                                                      (5) 

By using the dimensionless coordinates, then equation (5) will be 

 (6) 

Where,  [21] 

By using the definition of the momentum   , this yields 

                                                                                (7.1)  

                                                       (7.2)  

                                                                             (7.3)   

From Eqns. (7), it is clear that 

                                                                                                             (8.1) 

                                                                                                             (8.2)  

                                                                                                                    (8.3) 

 The Hamiltonian is defined [20] 

                                                                             (9) 

                                                                             (10) 

 (11) 

Substitute from Eqns. (8) into Eq. (11), the Hamiltonian of the restricted four-body problem is given 

by 

       (12) 
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asdf 

 

1.1 Canonical Form. 

The canonical form of the Hamiltonian are derived as 

                   (13.1) 

                   (13.2) 

                                                                                            (13.3) 

    (13.4) 

 (13.5) 

 (13.6) 

Equations (13) are represented the equations of motion of the fourth body under effects of the 

gravitational forces of the three other primaries.  
 

3.1 The collinear libration points  

To obtain the collinear libration points, substituting in equations (13) by                          

,  

Then, from eqns. (13.2) and (13.4) 

                                         (14)       

If  = 0.,  The collinear libration points,  equation (14) becomes 

                                                           (15) 

Let the x-coordinates of the libration points, x = xL in Eq. (15) and then the equation up to fifth order 

of xL we have  

  (16) 

Equation (16) is equation of fifth order in xL and its solution has five real roots, each root specifies 

the position of each of the collinear libration points and it depends on the parameters  and . 

3.1 The non-collinear libration points. 

Similarly, the conditions to obtain the non-collinear points libration points are 

,  and  by substituting into Eqns.(13.1),(13.2),(13.4) and 

(13.5) then, 

           (17.1) 

           (17.2) 

 



STABILITY ABOUT LIBRATION POINTS FOR RESTRICTED … 5 

The non -collinear points are obtained by 

solving Eqns. (17) with different values of , 

in this case, the non-collinear libration points 

vary with .  

4. Jacobi Integral 

The potential for the system is 

    (18) 

The Jacobi integral is obtained from [18] 

  (19) 

This equation is called the Jacobi integral, 

when velocity equals to zero, equation (18) 

becomes 

      (19.1)                           

Which enables to obtain the zero velocity 

curves and is used to study the Poincare surface 

sections (PSS). Table (1) displays the five 

collinear libration points and the Jacobi 

constant for each collinear libration points in 

the Sun-Earth-Moon system. Figure (2) shows 

the five collinear libration points for the Sun-

Earth-Moon system. 

5. Poincare Surface of Section 

To obtain regular trajectories, the Poincare 

surface section technique is used.   

To verify this, the order of the differential 

equations of motion are reduced to less order, 

then integrated numerically through the (x, y, z) 

variables using the Explicit Runge - Kutta 

method, with initial conditions, are chosen 

along the x-axis. In the resulting three-

dimensional space the values of x and x can be 

plotted whenever the infinitesimal body has y = 

0, whenever the trajectory intersects the plane 

in a particular direction while >0. By using 

the Jacobi constant, it is clear that the resulting 

3D space is reduced to a 2D subspace. The PSS 

on the x,  plane has been constructed, and the 

PSS contains discrete points of trajectories. 

By solving Equation (18) w.r.t.  at 

 and , the 

resulting could be used as the initial values in 

the model of calculating the PSS. Figures 3 

through 7 show the PSS corresponding to each 

point of the collinear libration points at 

different values of Jacobi constant. It is clear 

that the Poincare mirror symmetry about the y-

axis is obtained in all cases. 

         6. Motion in the Vicinity of the 

collinear Points 

                The Sun-Earth-Moon system is 

considered, then the motion around collinear 

libration points is obtained with initial 

conditions of small displacement from  

 and , to 

obtain the family of periodic orbits about each 

of the collinear libration points the following 

algorithm is used 

1- The values of potentials  are 

determined for the corresponding 

coordinate of libration point. 
 

2- The eigenvalues are obtained from the 

characteristic equation. 
 

3- The eigenvalues will be four values (2 

reals, 2 imaginaries).  
 

4- The two imaginary values responding to 

give the stable periodic orbits about the 

libration point. 

Now, the linear equations for the motion about 

collinear libration points of the four-body are 

written as [18] 

(20.1) 

                                                               (20.2) 

                             (20.3)  

where the partial derivatives of the effective 

potential of the four- body problem are 

obtained as  
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Then, the characteristic equation can be 

rewritten as 

       (22) 

At the libration point under study it is easy 

to obtain the roots of Equation (22), which are 

the Eigen values  then the 

coordinates x and y can be represented as a 

function of time as 

   (23.1) 

  (23.2) 

where  and  are constants and depend on 

the eigenvalues at each point and the 

derivatives of the potential, also they are related 

to each other [19]. 

  (24) 

7. RESULTS AND DISCUSSION  

To apply our work the system Sun -Earth – 

Moon – Spacecraft is considered. The 

canonical units of masses and distances are 

used in which mass of the Earth 

E =1-= ,9878715.0
21

1 =
+ mm

m
 mass of the  

Moon M =  = ;0121506683.0
21

2 =
+ mm

m
 . 

Mass of the Sun ms= .48.328900
21

=
+ mm

ms
 

 The distance between the Sun and the 

center of the system = Rs = 389.1723985.  

A code is constructed using 

MATHEMATICA language to obtain the 

location of the libration points, Poincare 

surface sections, and the families of periodic 

orbits with their eccentricities and their periods. 

The results obtained as follows: 

7.1 The positions of collinear libration points 

and Jacobi constant 

By solving Eq. (16) the positions of the five 

collinear libration points are obtained and from 

Eq. (19.1) as shown in table (1). Fig.2 

illustrates the collinear libration points. 

7.2 The positions of non-linear libration 

points 

By solving Eqs. (17) With different values 

of  the positions of the non-linear libration 

points are obtained as shown in table 2 which 

displays the dimensionless distances for the 

three non-collinear libration points (L6, L7, and 

L8) for the Sun-Earth-Moon system with the 

different values of  . 

Table 1: The five collinear libration points for Sun-Earth-Moon system and its Jacobi constant. 

Libration points Dimensionless   (km) Jacobi constant C 

L1 -1.86027 -277180 7.853603  

L2 -0.897262 -133691 4.098169 

L3 0.593443 884228 2.493536 

L4 0.908389 135349 4.405134 

L5 1.05927 157830 8.827686 

Table 2 the three non collinear libration points for Sun-Earth-Moon system. 

 
L6 

(x, y) 

L7 

(x,y) 

L8 

(x,y) 

30 -0.3591 2.3018 1.0007 -0.0730 0.07946 -0.5902 

60 2.2203 0.7117 0.9195 -0.0196 -0.5798 -0.1809 

90 -2.0827 1.0434 0.9520 0.0642 -0.2809 0.5325 

120 -1.8971 -1.3533 0.4772 0.3412 1.048 0.0394 

150 -1.6291 1.6662 0.4084 -0.4241 1.0407 -0.0494 

180 1.3937 1.8668 0.9411 -0.0560 -0.3703 -0.4768 
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7.3 The Poincare sections 

The steps of section 7 are applied. The 

numerical solution of the system of Eqs. (13) 

taken into account the positions of Li as initial 

values, will enable to obtain the Poincare 

sections. Figs. 3, 4, 5, 6, and 7 illustrate the 

Poincare sections about L1, L2, L3, L4, and L5 

respectively.  

7.4 The Exterior Point L1 

To study the motion about each of the 

libration points L1 is chosen as example in 

details, then the same is done for all the 

libration points. 

The coordinate of the point L1 ), 

and the values of derivatives of potentials 

  are obtained from Eqs. (21.1) and 

(21.2), where  

, and by 

solving Eq.(22) the roots are obtained as 

, , 

, .  

Therefore, the solutions for small displacement 

near L1 become 

               (25.1) 

      (25.2) 

Equations (25) represent the trajectories of a 

spacecraft around the libration point L1 with 

small displacement from L1. The first two 

terms of equations (25.1) and (25.2) will make 

the track to increase with time, so that, to 

obtain the periodic part of these trajectories, it 

is more convenient to consider the only terms 

which include sinusoidal terms. Figure 8 shows 

that the motion around L1 is periodic motion, 

its track is an ellipse, and its center lies at L1. 

Its eccentricity and the period of the orbit are 

obtained by [19] 

           (26) 

               (27) 

where, d =  and s is 

coefficient of imaginary parts of  

Then e= 0.787 and its synodic period is 

T=3.22113 unit of time.  In the same manner, 

the periodic orbits about L2, L4 and L5 are 

shown in figs 9, 12, and 13 respectively and the 

eccentricities and the periodic orbits are 

obtained. While fig. 10 shows that the periodic 

orbit about L3 is not closed for one period, so 

that fig. 11 is presented to illustrate that the 

Lissajous orbits are obtained in these case. 

CONCLUSION 

In this study, the Hamiltonian system of 

four-body problem is constructed. The 

canonical Hamiltonian form is used to obtain 

the collinear libration points in the system Sun-

Earth-Moon-Spacecraft which the five collinear 

libration points are explored. The three non-

collinear libration points are found for different 

position with respect to the sun, it is clear that 

the position of the Sun has an important rule to 

specify the location of the non-collinear 

libration points Table (2). The motion about the 

collinear libration points is studied and gives 

stability for the specified time. It is found that 

the longest period of stability is obtained at L2 

3 2 1 1 2
x

10

5

y

L1 L2 L3 L4 L5

 
Figure 2: Five collinear points for sun- earth -moon system 
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T=4.9573 unit of time, that means this point is 

more suitable for the space mission. The 

Poincare map shows the mirror symmetry 

which enables the space missions to be more 

utilized. At L3, some Lissajous orbits are found 

which can be used for missions which forward 

outer planets. This study has an important role 

in the field of space dynamics. The future work 

in this fields needs to take into account the 

effects of  oblateness of the primaries, the 

coefficients of the solar sail absorption, and 

reflection, and the incident angle of the solar 

radiation pressure. 
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Figure 3: Poincare section at L1=- 1.86 

 

  

Figure 4: Poincare section at L2= -.8672 

 

Figure 5: Poincare section At L3=0.59344 

 

Figure 6: Poincare section at L4=  

 

 

 

 

Figure 7: Poincare section at L5=1.024 
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Figure 8: The trajectory around  L1 with 

. and  

 

Figure 9: The trajectory around L2 with 

. and  

 
Figure 10: The trajectory around L3 with 

 and  

L3 for one period 

 
Figure 11: The trajectory of a spacecraft around 

the point L3 for ten periods. 

 
 

Figure 12: The trajectory around L4 with 

. and  

- 

 
Figure 13: The trajectory around L5 with 

. and  
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 الملخص العربى

 .لمياء المصري 2 ,2فاطمة المالكي   ,2 سحر يونس ,2 عفاف صالح زغروت ,Ibrahim.A.H1 ,*1.ناددر محمد اسماعيل

    قسم الفلك و االرصاد الجوية ، كلية العلوم ، جامعة االزهر ، القاهرة1
 ق سم   الرياضيات  ، كلية العلوم – فرع البنات  ، جامعة االزهر ، القاهرة2

لشكل الكنسي الحصول على ااملتون. يتم األربعة المقيدة في شكل ه امجسفي هذا العمل ، صيغت مشكلة األ

أن هناك خمس نقاط  ناوجدقد الخطية و نزاتللنظام الذي يمثل معادالت الحركة. يتم الحصول على نقاط اال

تم الحصول عليها وغير خطية ،  نغير الخطية وهي ثالث نقاط اتزا  نخطية. تم العثور على نقاط االتزا ناتزا

القمر. تم دراسة المدارات الدورية حول كل نقطة من  -الشمس ومستوى األرض  خط اتجاهلزوايا مختلفة بين 

المعادالت التفاضلية  درجةهذه باستخدام طريقتين. تعتمد الطريقة األولى على تقليل التزان الخطية نقاط ا

 عمل برامج باستخدام لغة البرمجةللمعادلة المميزة. تم  Eigenوالطريقة الثانية تعتمد على قيم 

MATHEMATICA  لمركبة القمر والنظام المكون من الشمس و األرض والتطبيق هاتين الطريقتين على

شكال ، حيث يتم استخدام هذه األ باستخدام الطريقة األولى Poincareشكال أالفضائية. تم الحصول على 

  تزانمن نقاط االلتوضيح نقاط التقاطع في المسارات مع المستوى العمودي لمستوى الحركة حول كل نقطة 

التماثل المرآة حول كل من هذه النقاط. النتائج التي تم الحصول عليها عن طريق لحصول على الخطية. تم ا

الخطية. تم  زان حول كل نقطة من نقاط االت Lissajous، والمدارات Lyapunovالطريقة الثانية هي مدارات 

ل نقطة االتزان الثانية ح هذه الدراسة أن الحركة حو. توض وفترات كل مدار المدارات الدوريةالحصول على 

 بقية النقاط االخرى. كثر ثباتًا من الحركة حولأ

 


