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ABSTRACT  

Weak hyperfine interaction as well as spin-orbit interaction enforced that graphene quantum dot qubit 

material rather than other semiconductor qubits material. So; we suggest here a Hamiltonian model of a 

graphene nanoribbon double quantum dot qubit based on the functionalization of graphene nanoribbon by 

hydrogen atoms to produce a theoretical studied on a quantum computer. We are using the Dirac equation and 

the Heisenberg exchange approach to solve our model. Then we determine the exchange interaction Jex. We 

investigate the effects of potential barrier height and barrier thickness d on exchange coupling Jex. Our 

results show a great variation of Jex depends on these parameters, and how this parameter affected on Jex at 

special value. Also, we can use the variation of Jex with both potential barrier height and barrier thickness d 

to represent how the information can transfer, which is important to gate operation necessary for quantum 

information. 
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1. Introduction 

After doing a lot of scientific research on 

graphene, research on its properties and 

applications remains uninterrupted. However, 

its greatest importance lies in the application of 

electronic devices. The exceptional electronic 

properties of graphene have ensured a rapid 

growth of interest as the base material for 

electronic circuitry [1]. Graphene-based 

quantum dot considers the best candidate for 

this device and can be implemented for 

quantum computers [2, 3, 4]. This computer 

works depending on superposition and 

entanglement phenomena [5, 6], where the spin 

of electrons acts as a quantum bit (qubit)  [7-

10]. The scalability of that electronic system is 

considered in the protection of information 

stored in qubit  [11], since decoherence time 

should be 104 times longer than the gate time 

to transfer information. Several types of 

research worked on how to preserve coherence 

time longer as we need to gate to do its 

operation. Graphene can perfectly solve this 

problem. Owing to the band structure of 

graphene, the low- energy electrons in it behave 

like massless chiral fermions. That governed by 

the Dirac-Weyl equation. In this situation, the 

confinement of electrons becomes quite a 

challenging task, due to the so-called Klein 

tunneling [12, 13]. Previously Trauzettel, 

Bulaev, Loss, and Burkard [14] introduce a 

model for overcoming this difficult and 

confined electron as a spin qubit in a graphene 

nanoribbon with armchair boundary condition 

[15, 16, 17]. Here we introduce a model of 

double quantum dot-based on the 

functionalization of graphene nanoribbon by 

hydrogen atoms, where the electron can be 

confined on a quantum dot between two barrier 

regions. The electrons spin are coupled via 

exchange coupling and the coupling controlled 

by barrier voltage represented by low energy 

effective Hamiltonians:  
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ℋ(𝑡)=𝐽12 (t) 𝑆1.𝑆2. 

where J12(t) is the exchange coupling constant 

between the two spins S1 and S2. 

This coupling with a combination of single 

spin rotation is sufficient to form a required 

universal quantum gate [18].  

2. Theoretical model 

A single quantum dot of functionalized 

graphene nanoribbon is formed when a single 

layer of graphene deposited on sio2 substrate 

which is exposed to hydrogen atoms. The dots 

region is fully passivated to hydrogen atoms, 

while the barrier region is a non-hydrogen 

passive region [19]. A gapless region is formed 

in passive hydrogen corresponding to quantum 

dot, while a gaped region formed with non-

hydrogenated passive corresponding to barrier 

region as shown in Fig. 1.  

 

Fig. 1. Single quantum dot of functionalized GNB 

deposited on quartz substrate (yellow) confined 

between two barrier regions (blue)  

The electronic wave function of graphene 

system describes by:  

                                       (1) 

where 𝑘, 𝑘′ related to the two valleys in the 

Brillion zone of graphene, and A, B refer to the 

two components of the pseudospin. The low 

energy massless electron describes by Dirac 

equation:  

In the dot region (where 0 ≤ y ≤ L)  

                                           

(2)  

and in the barrier region [19] (where y < 0 or y 

> L) 

  

         (3) 

where ℏ is Planck’s constant, 𝑣 is the Fermi 

velocity of graphene, ∂x, ∂y and ∂z are Pauli 

matrices, 𝜂=±1 related to spin up and spin 

down, 2Δ is the gap induced by the substrate, 2 

𝑉𝜎 is the splitting energy of spin  

V is the electrical confining potential along 
the y-axis, (e*V) is the electrical confining 
energy in units of ℏ𝑣  , where  is the 
quantization of ground state wave vector in x- 
direction that given by:  

 

 

where W is the ribbon width  

In the case of double quantum dot-

separated by a barrier thickness d with potential 

barrier height Ω𝒃. The ribbon whose length L 

and width W (Fig. 2). the dots length is l along 

the y-axis and catching one electron with an 

electric potential V (y) along the y-direction 

[14].  

 

Fig. 2. Structured of double quantum dot of GNB 

deposited on quartz substrate (yellow) separated by 

barrier thickness d (blue) 

The electric potential can be tuned to 

appropriate value via gate voltage, so electrons 

are tunneling between dots and spin qubits are 

coupled. The exchange interaction occurs 

between them giving an anti-symmetric total 

wave function.  
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The model can describe by Hamiltonian:  

          (4) 

ℋ𝑖 is the single-particle Hamiltonian for a 

Dirac particle that can be defined by the Dirac 

equation obtains in eq. (2) [20].  

C is the Coulomb interaction in two-dimension 

given by:  

C =  

The solution of eq. (4) gives an electron 

wave as:  

                                                           

𝛽 = A, B. The basis vectors for the two-

component pseudo spinor are:  

 

 

The total wave function of coupled 

electrons can be written as the product of the 

spatial wave function and the corresponding 

two-particle spinor for the singlet (triplet) state.  

 

 

 

𝐿/𝑅 denotes a four-component single-

particle wave function located at the left (right) 

quantum dot, and S =〈 L |R〉, which is the 

overlap between them.  

To evaluate the exchange coupling 𝐽𝑒𝑥=ET -

ES from the Schrodinger equation:  

            

  
 

From Eq. (4), (6) and (7) we can solve 𝐽𝑒𝑥 

analytical and result:  

 

 

 

3. Results  

3.1. The potential barrier height Ω𝒃  

We represent the ribbon of width W= 0.5 

q0
-1 and its length L = 18 q0

-1, where q0=1/20 

(nm)-1.  

Owing to the potential barrier height Ω𝒃 

represents a resistance for the electron to stay 

on the same dot. So, at the beginning when the 

barrier height is small, the exchange interaction 

between two electrons is strong, indicating that 

the two electrons located on the same dot, two 

dots behave as a single dot and electrons must 

be in a singlet state. This behavior can produce 

for small barrier distance only, in our model for 

d= 2 q0
-1 and l=5 q0

-1(Fig. 3a). As soon as the 

barrier height Ω𝒃 increases, the allowance for 

double electrons to be on the same dot is never 

occurring and the exchange interaction 

axiomatically in triplet state indicating by 

negative Jex. The transition occurs from singlet 

to triplet at about 0.9 ℏv𝑞0. For large barrier 

thickness d, the small and large barrier height 

Ω𝒃 keeps the exchange interaction in always 

triplet state as in Fig. 3b where d=5 q0
-1 and l=5 

q0
-1. Fig. (4) Shows that the value of Jex for 

short and long d is nearly close to each other as 

the barrier height reaches the value of the 

bandgap of GNB ≈ 2 ℏv𝑞0. This phenomenon is 

a special character for GNB whereas the barrier 

is high; the Klien tunneling occurs. The same 

result obtained if we change the length of dots 

l=3 q0
-1 at barrier thickness d=1.5 q0

-1 and d=3 

q0
-1(Figs. 5 and 6).  

3.2. The barrier distance d  

The behavior for barrier distance d (Fig. 7) 

is nearly the same as in the case of the potential 

barrier Ω𝑏, where the exchange interaction Jex is 

reversely proportional to d. For so small d at 

nearly 2 q0
-1 and at Potential barrier equal zero, 

the exchange interaction is positive and decay 

(6) 

(7) 

(5) 
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exponential as d increase until reach to zero at 

≈ 4.9 q0
-1 then change its sign to negative at a 

value of d greater than d=5 q0
-1. This behavior 

can be explained as in the previous section, 

where for small d the two dots behave as a 

single one and the electron must be in a singlet 

state. For large d the exchange interaction 

becomes negative represent triplet state. If the 

value of barrier height increases at Ω𝒃=1.3 ℏvq0 

𝑎𝑛𝑑 1.95 ℏvq0, this value is close to the 

bandgap value, and the exchange interaction is 

always in triplet state but the value of Jex for 

Ω𝒃=1.95 ℏvq0 is greater than that for Ω𝒃=1.3 

ℏvq0 due to Kline tunneling effect. 

 

 

 
Fig. 3. The exchange coupling 𝐽𝑒𝑥 (ℏv𝑞0) as a 

function of barrier height Ω𝑏 (ℏv𝑞0). For l= 5 q q0
-1 

and q0=1/20 (nm)-1 (a) at d=2 q0
-1 (b) at d=5 q0

-1 

 
Fig. 4. The exchange coupling 𝐽𝑒𝑥 (ℏv𝑞0) as a 

function of barrier height Ω𝑏 (ℏv𝑞0) at l= 5 q0
-1, 

q0=1/20 (nm)-1 and d=2 q0
-1 (dot line), d=5 q0

-1 

(solid line).  

 

 
Fig. 5. The exchange coupling 𝐽𝑒𝑥 (ℏv𝑞0) as a 

function of barrier height Ω𝑏 (ℏv𝑞0). For l= 3 q0
-1 

and q0=1/20 (nm)-1 (a) at d=1.5 q0
-1 (b) at d=3 q0

-1 

 
Fig. 6. The exchange coupling 𝐽𝑒𝑥 (ℏv𝑞0) as a 

function of barrier height Ω𝑏 (ℏv𝑞0) at l= 3 q0
-1, 

q0=1/20 (nm)-1 and d=1.5 q0
-1 (solid line), d=3 q0

-1 

(dot line)  

4. Conclusions 

We have examined the value of Jex of 

different parameters such as barrier height Ω𝒃 

between double quantum dot, and barrier 

thickness d to study the effect of each one on 

Jex. We find that the value of exchange 

interaction changed with this parameter. Also, 

our result shows that the variation of Jex with 

Ω𝒃 is accompanied by a transition of the state 

from singlet into triplet state. We concentrate 

on this truth to conclude that; the transmission 

of the qubit accompany by the transfer of 

information.  

Further, since the operation of the gate 

depends on switching time compared to 
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coherence time, for graphene the coherence 

time is about ≈80µs  [21] is 104 longer than the 

switching time. In other words: the qubit can 

work stably. Since the source of de-coherence 

time like spin-orbit interaction, and hyperfine 

interaction is neglect in graphene, so we found 

that the graphene qubit is better than that of 

GaAs. 

 

 

 
Fig. 7. The exchange coupling 𝑱𝒆𝒙 (ℏv𝑞0) as a 

function of inter- dot distance d (q0
-1) at l= 5 q0

-1, 

q0=1/20 (nm)-1 (a) for Ω𝒃=0 ℏvq0 (b) Ω𝒃=1.3 ℏvq0 

and (c) for Ω𝒃=1.95 ℏvq0. 
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 الموجز

تسبببببل الكلببباك  الهببب  ىاجنهنبببا فببب  ا  كبببة ا ببببا  

مببا الكركببة الكةزليببة  الكوصبب ت للعكبب  كتيواببل كالهفا بب 

للنوا  ىتفا بب  الكركببة الكةزليببة مببا الكركببة الىى ا يببة  لبب  

اسببهاىام تلببن النقلببة التكوميببة مبب  الوببرافي  كتيواببل  هنببا 

 قهببرن  كواجببا للتكيببات التكوميببة الكزشىجببة مبب   ببري  

ورافي  معهكى  لبب  الهفا بب  مببا النيببرىجي  ال هببا  ش اسببة ال

  ريببة للكاسببوك التكببوم   ااسببهاىام معاشلببة شيببرا  ى نبب  

الهباشل لنيز بر   ،تم تكىيببى الهفا بب  الهببباشل  ىش اسببة تبب  ير 

الونى ، ىسببكاكة الكبباجز  لبب  الهفا بب    ك  م  ا تفاع حاجز

الهببباشل   لبب  اظنرت  هائونا ا هكبباش كبيببر للهفا بب     الهباشل  

هذ  العوام   أيضا، يكتننا اسببهاىام هببذا الهبب  ير لهكفيبب  كيفيببة 

 قبب  الكعلومببات ، ىهببو امببر منببم لهلببةي  البوااببة التكيببة 

   للكاسوك التكوم  
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